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Central limit theorem for a set of probability measures

ZENGJING CHEN

SHANDONG UNIVERSITY

Joint work with Larry G. Epstein
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0.1. Motivation
Assumption: A sequence of IID r.v. {Xi} , Sn :=

∑n
i=1Xi

Theorem 1: EP [X1] = µp, EP [(X1 − µp)2] = σ2

P

(
a ≤ Sn

n
+
Sn − nµp√

n
< b

)
→ Φ

(
b− µp
σ

)
− Φ

(
a− µp
σ

)
,∀a ≤ b ∈ R,

Question: If P is not unique, P ∈ P the set of probability measures is ambiguity,
What is Central limit theorem?

(1) Capacity: (v, V ), where

v(A) = inf
Q∈P

Q(A), V (A) = sup
Q∈P

Q(A).

(2) Lower-upper expectation: E [ξ] and E[ξ]

E [ξ] = inf
Q∈P

EQ[ξ], E[ξ] = sup
Q∈P

EQ[ξ]

What is the distribution of Sn
n +

Sn−nµQ√
n

?
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0.2. Applications: Statistics and Finance
Confidence regions and Statistical hypothesis testing
EQ[Xi] = µQ, E[Xi] = µ, E [Xi] = µ.

sup
Q∈P

Q

(
a ≤ Sn

n
+
Sn − nµQ√

n
< b

)
→?

inf
Q∈P

Q

(
a ≤ Sn

n
+
Sn − nµQ√

n
< b

)
→?

Mathematical finance, Pricing in incomplete markets, VaR:

lim
n→∞

sup
Q∈P

Q

(
1

n

n∑
i=1

Xi +
1√
n

n∑
i=1

(Xi − µ) ≥ x

)
=?

lim
n→∞

sup
Q∈P

Q

(
1

n

n∑
i=1

Xi +
1√
n

n∑
i=1

(Xi − µ) ≤ x

)
=?
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0.3. IID: Indistinguishable and independently dis-
tributed, Epstein(2005) Recursive Utility

(1) A sequence r.v.s (Xi) on the measurable space (Ω,F).

(2) Gn = σ (X1, ..., Xn) and G = ∪∞1 Gn.

(3) P a set of probability measures on (Ω,G) and P are equivalent on each Gn.

(4) Upper and lower expectations:

E[Y ] := sup
Q∈P

EQ[Y ], E [Y ] := inf
Q∈P

EQ[Y ] = −E[−Y ],

(5) Conditional upper and lower expectations:

E [Y | Gn] ≡ ess sup
Q∈P

EQ [Y | Gn] , E [Y | Gn] ≡ ess inf
Q∈P

EQ [Y | Gn]

(6) Independence: (Xi) are recursively P-independent if for any n

E [Xn | Gn−1] = E [Xn] = µ and E [Xn | Gn−1] = E [Xn] = µ

(7) Time Consistency: Say that the r.v.s (Xi) are P-consistent if, for any n and
ϕ ∈ C

(
R2
)

satisfying ϕ
(∑n−1

i=1 Xi, Xn

)
∈ H,

E

[
E

[
ϕ

(
n−1∑
i=1

Xi, Xn

)
| Gn−1

]]
= E

[
ϕ

(
n−1∑
i=1

Xi, Xn

)]
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0.4. Bifurcation Model: Dynamic Risk Measures, Bion-
Nadal(2006)

Let (Ωj,Fj), j = 1, 2, · · · , be a sequence of measurable spaces, and (Ω,F) is

the product space

(
∞∏
j=1

Ωj,
∞∏
j=1

Fj

)
. Let Pj be a set of probability measures on

(Ωj,Fj), j = 1, 2, · · · , respectively, and P is the set of all product measures on
(Ω,F) that can be formed by taking selections from each Pj.

P

Bn ×
∞∏

j=n+1

Ωj

 := Pn(Bn), Bn ∈
n∏
j=1

Fj

Pn(Bn) :=

∫
Ω1

P1(dω1)

∫
Ω2

P1,2(ω1, dω2) · · ·
∫

Ωn

IBn(ω1, · · · , ωn)Pn−1,n(ω(n−1), dωn).

and ω(n−1) = (ω1, ω2, · · · , ωn−1) ∈
n−1∏
j=1

Ωj. Probability kernel Pi−1,i(ω
(i−1), dωi) from

(
i−1∏
j=1

Ωj,
i−1∏
j=1

Fj) to (Ωi,Fi) defined :

Pi−1,i(ω
(i−1), dωi) =IAi−1(ω

(i−1))P i
µ(dωi) + IAci−1(ω

(i−1))P i
µ(dωi)

where Ai−1 ∈
i−1∏
j=1

Fj, i ≥ 2.
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0.5. Motivation
Assumption: A sequence of IID r.v. {Xi} , Sn :=

∑n
i=1Xi

Theorem 1: EP [X1] = µp, EP [(X1 − µ2] = σ2, then

lim
n→∞

EP

[
ϕ

(
Sn
n

+
Sn − nµP√

n

)]
= Eg [ϕ (σB1)] , ∀ϕ ∈ Cb(R).

Where Eg[σB1] is the value of the solution {yt} of the BSDE at t = 0

yt = ϕ(σB1) +

∫ 1

t

g(zs)ds−
∫ 1

t

zsdBs

and g(z) := µ
σz. let k := µ

σ is Sharpe Ratio but 1
k is Coefficient of variation .

Question 1: For IID model, there exists a g such that

lim
n→∞

sup
Q∈P

EQ

[
ϕ

(
Sn
n

+
Sn − nµQ√

n

)]
= Eg [ϕ (σB1)] , ∀ϕ ∈ Cb(R).

Question 2: Can we obtain it closed form for ϕ(x) = I[a≤x≤b]?
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1. Methods CLT
The characteristic function is indispensable for the study of general limit theorems.
Such a tool does not work in the nonlinear case.

? Bernolli proved for special case: Binomial distribution.

? Lindeberg: Semi-group, Stein method to prove CLT.

? Levy: Characteristic function: LLN and CLT.

? Peng:PDE
In this paper, we use BSDE.
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2. LLN and CLT for sub-linear expectations
? Maximum distribution :

THEOREM 1 (Peng 2007,2008) {Xi}∞i=1 IID random variables, µ :=

E[X1], µ := E [X1]. Then for any continuous and linear growth function φ,

E

[
φ

(
1

n

n∑
i=1

Xi

)]
→ sup

µ≤x≤µ
φ(x), as n→∞.

? CLT : Sn =
∑n

i=1Xi; Ŝn =
∑n

i=1 Yi.

THEOREM 2 (Peng 2006, 2008) {Xn} IID, zero means E[Y1] = E[−Y1] = 0,

finite variance E[Y 2
1 ] = σ2, −E[−Y 2

1 ] = σ2, Then,

E

[
φ

(
Sn
n

+
Ŝn√
n

)]
→ E[φ(η + ξ)]

where ξ is G-normal under E[·].
Method: PDE.

In this paper, we use BSDE.
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2.1. Conditions
(1) Common upper and lower expectations:

E[Xn] := sup
Q∈P

EQ[Xn] = µ, E [Xn] := inf
Q∈P

EQ[Xn] = −E[−Xn] = µ

(2) Conditional upper and lower expectations:

E [Y | Gn] ≡ ess sup
Q∈P

EQ [Y | Gn] , E [Y | Gn] ≡ ess inf
Q∈P

EQ [Y | Gn]

(3) Independence: (Xi) are recursively P-independent if for any n

E [Xn | Gn−1] = E [Xn] = µ and E [Xn | Gn−1] = E [Xn] = µ

(4) Consistency: Say that the r.v.s (Xi) are P-consistent if, for any n and ϕ ∈
C
(
R2
)

satisfying ϕ
(∑n−1

i=1 Xi, Xn

)
∈ H,

E

[
E

[
ϕ

(
n−1∑
i=1

Xi, Xn

)
| Gn−1

]]
= E

[
ϕ

(
n−1∑
i=1

Xi, Xn

)]

(5) Unambiguous conditional variance: Say that (Xi) has an unambiguous condi-
tional variance σ2 if

EQ

[
(Xi − EQ[Xi|Gi−1])2 |Gi−1

]
= σ2 for all Q ∈ P and i ≥ 1.
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3. Main results:
THEOREM 3 Let the sequence (Xi) be such that, for each i, Xi ∈ H with upper and
lower means µ, µ and Xi has unambiguous conditional variance σ2 > 0. Suppose
also that (Xi) satisfies the Lindeberg’s condition

lim
n→∞

1

n

n∑
i=1

E
[
|Xi|2 I{|Xi|>√nε}

]
= 0, ∀ε > 0.

Recursive P-independence and P-consistency. Then

Upper probability

lim
n→∞

sup
Q∈P

Q

(
a ≤ 1

n

n∑
i=1

Xi +
1√
n

n∑
i=1

1

σ
(Xi − EQ[Xi|Gi−1]) ≤ b

)

=

Φµ (b)− e−
(µ−µ)(b−a)

2 Φµ (a) if a + b > µ + µ

Φ−µ (−a)− e−
(µ−µ)(b−a)

2 Φ−µ (−b) if a + b ≤ µ + µ

Lower probability:

lim
n→∞

inf
Q∈P

Q

(
a ≤ 1

n

n∑
i=1

Xi +
1√
n

n∑
i=1

1

σ
(Xi − EQ[Xi|Gi−1]) ≤ b

)

=

{
Φµ(b)− e

µ−µ
2 (b−a)Φµ(a), if a + b < µ + µ

Φ−µ(−a)− e
µ−µ
2 (b−a)Φ−µ(−b), if a + b > µ + µ.
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4. Lemma-1
THEOREM 4 Let the sequence (Xi) be such that, for each i, Xi ∈ H with upper and
lower means µ, µ and Xi has unambiguous conditional variance σ2 > 0. Suppose
also that (Xi) satisfies the Lindeberg’s condition

lim
n→∞

1

n

n∑
i=1

E
[
|Xi|2 I{|Xi|>√nε}

]
= 0, ∀ε > 0.

Recursive P-independence and P-consistency. Then, for any ϕ ∈ C ([−∞,∞]),

lim
n→∞

sup
Q∈P

EQ

[
ϕ

(
1

n

n∑
i=1

Xi +
1√
n

n∑
i=1

1

σ
(Xi − EQ[Xi|Gi−1])

)]
= Eg[ϕ (B1)],

where:Eg[ϕ (B1)] = Y0, given that (Yt, Zt) is the solution of the BSDE

Yt = ϕ (B1) +

∫ 1

t

(
max

µs∈[µ,µ]
µsZs

)
ds−

∫ 1

t

ZsdBs, 0 ≤ t ≤ 1.



Introduction
Introduction
Introduction
Main Question
Reports
Introduction
Main Question

Home Page

Title Page

JJ II

J I

Page 12 of 20

Go Back

Full Screen

Close

Quit

•First •Prev •Next •Last •Go Back •Full Screen •Close •Quit

5. Lemma-2
LEMMA 1 Adopt the assumptions in Theorem.
(i) If ϕ is increasing, and EQ[(Xi − µ)2|Gi−1] = σ2, for any Q ∈ P and i ≥ 1, then

lim
n→∞

sup
Q∈P

EQ

[
ϕ

(
1

n

n∑
i=1

Xi +
1√
n

n∑
i=1

1

σ
(Xi − µ)

)]
= EP [ϕ (ξ + µ)] .

(ii) If ϕ is decreasing, and EQ[(Xi − µ)2|Gi−1] = σ2, for any Q ∈ P and i ≥ 1, then

lim
n→∞

sup
Q∈P

EQ

[
ϕ

(
1

n

n∑
i=1

Xi +
1√
n

n∑
i=1

1

σ
(Xi − µ)

)]
= EP

[
ϕ
(
ξ + µ

)]
Whereξ is a standard normal random variable.
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6. Lemma-3
THEOREM 5 Let ϕ is symmetric function in the sense that ϕ(−x) = ϕ(+x) for all
x ∈ R. Suppose (Yt, Zt) is the adapted solution of the following BSDE

Yt = ϕ(BT ) + k

∫ T

t

|Zs|ds−
∫ T

t

ZsdBs, (1)

Then,

(i) if ϕ′(x) is increasing for all x ∈ R, we have

Zt ·Bt ≥ 0 a.s.

which implies that sgn(Zt) = sgn(Bt) a.s .

(ii) if ϕ′(x) is decreasing for all x ∈ R, we have

Zt ·Bt ≤ 0 a.s.

which implies sgn(Zt) = −sgn(Bt).
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7. Example: Finite fuel follower problem

Yt = B2
T −

∫ T

t

|Zs|ds−
∫ T

t

ZsdBs.

since sgn(Zt) = sgn(Bt). the BSDE is actually:

Yt = B2
T −

∫ T

t

sgn(Bs)Zsds−
∫ T

t

ZsdBs.

Yt =
1

2
+

√
T − t

2π
(|Bt| − T + t− 1) exp

{
− (|Bt| − T + t)2

2(T − t)

}
+

{
(|Bt| − T + t)2 + T − t− 1

2

}
Φ

(
|Bt| − T + t√

T − t

)
+ e2|Bt|(|Bt| + T − t− 1

2
)Φ

(
−|Bt| + T − t√

T − t

)
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8. Lemma-4
THEOREM 6 Let d = a+b

2 , then the solution (Yt, Zt) of the BSDE

Yt = 1[a,b)(BT ) +

∫ T

t

(µZ+
s − µZ−s )ds−

∫ T

t

ZsdBs (2)

is given by

Yt = Φ

(
−
|Bt − d +

µ+µ

2 (T − t)| − µ−µ
2 (T − t)− b−a

2√
T − t

)

− e−
µ−µ
2 (b−a)Φ

(
−
|Bt − d +

µ+µ

2 (T − t)| − µ−µ
2 (T − t) + b−a

2√
T − t

)
,

Zt =
sgn[Bt − d +

µ+µ

2 (T − t)]√
2π(T − t)

{
e−

µ−µ
2 (b−a) · exp{Ãt} − exp{L̃t}

}
,

where

Ãt := −
[|Bt − d +

µ+µ

2 (T − t)| − µ−µ
2 (T − t) + b−a

2 ]2

2(T − t)

L̃t :=
[|Bt − d +

µ+µ

2 (T − t)| − µ−µ
2 (T − t)− b−a

2 ]2

2(T − t)
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9. In particular
Let t = 0,

Y0 = Φ
(
−|µ+µ

2 − d| +
µ−µ

2 + b−a
2

)
− e−

µ−µ
2 (b−a)Φ

(
−|µ+µ

2 − d| +
µ−µ

2 −
b−a

2

)
=

{
Φµ(b)− e−

µ−µ
2 (b−a)Φµ(a), a + b < µ + µ

Φ−µ(−a)− e−
µ−µ
2 (b−a)Φ−µ(−b), a + b > µ + µ.

Similarly,

Ŷ0 = Φ
(
−|µ+µ

2 − d| −
µ−µ

2 + b−a
2

)
− e

µ−µ
2 (b−a)Φ

(
−|µ+µ

2 − d| −
µ−µ

2 −
b−a

2

)
=

{
Φµ(b)− e

µ−µ
2 (b−a)Φµ(a), a + b < µ + µ

Φ−µ(−a)− e
µ−µ
2 (b−a)Φ−µ(−b), a + b > µ + µ.

where (Ŷt, Ẑt) solves the following BSDE:

Ŷt = 1[a,b)(BT ) +

∫ T

t

(µẐ+
s − µẐ−s )ds−

∫ T

t

ẐsdBs.

Φµ is the normal distribution function with mean µ.
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10. Confidence regions
Consider the model

Yi = θ + Xi, i = 1, 2, ...,

where θ ∈ R is the parameter of interest, (Yi) describes observable data, and (Xi)

is an unobservable error process. The usual assumption on errors is that they are
i.i.d. with zero mean. Since errors are unobservable, a weaker a priori specification
is natural. Thus assume the IID model, with µ and µ given. Then (Yi) also conforms
to the IID model. Normalize all variances to equal 1.
Let

Ψn,Q =
1

n

n∑
i=1

Yi +
1√
n

n∑
i=1

(Yi − EQ[Yi|Gi−1])

Ψn =
1

n

n∑
i=1

Yi +
1√
n

n∑
i=1

(Yi−µ)

Ψn =
1

n

n∑
i=1

Yi +
1√
n

n∑
i=1

(Yi − µ)
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and note that Ψn ≤ Ψn,Q ≤ Ψn. Finally, define the random intervals

Cn,Q = [Ψn,Q − b,Ψn,Q − a] and
Cn =

[
Ψn − b,Ψn − a

]
⊃ Cn,Q.

Fix a coverage probability 1 − α, 0 < α < 1, and let a < b satisfy 1 − α ≤
E[µ,µ][1{a≤B1≤b}]. (The indicated lower expectation can be calculated by switching µ
and µ everywhere in (??)).
Then

lim
n−→∞

inf
Q∈PIID

Q(θ ∈ Cn) ≥ lim
n−→∞

inf
Q∈PIID

Q(θ ∈ Cn,Q)

= inf
Q∈P

Q(a ≤ B1 ≤ b) ≥ 1− α

where the equality is due to the CLT (translated for lower expectations, using
infQEQ (1A) = 1 − supQEQ (1Ac)) applied to (Yi). Thus, if θ is the true parameter
value, then, for large samples, Cn contains θ with probability at least 1−α according
to every probability measure in PIID. (It follows that, even where µ+µ = 0, critical
values that minimize b− a will typically not be symmetric about the origin.)
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Thank you !
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